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Abstract 

One electron system minimally coupled to a quantized radiation field is con¬ 
sidered. It is assumed that the quantized radiation field is massless, and no 
infrared cutoff is imposed. The Hamiltonian, H, of this system is defined as a 
self-adjoint operator acting on where T is the Boson 

Fock space over I? (R3 X {1,2}). It is shown that the ground state, ^l^g, of H 
belongs to (8> N^), where N denotes the number operator of T. More¬ 

over it is shown that, for almost every electron position variable x G and for 
arbitrary k > 0, ||(1 (8) (3;)||:f < D^e ‘^1^1"*”'’^ with some constants m > 0, 

Dk > 0, and d > 0 independent of k. In particular ipg G <8) N^) 

for 0 < /3 < (1/2 is obtained. 


1 Introduction 

1.1 The Pauli-Fierz Hamiltonian 

In this paper one spinless electron minimally coupled to a massless quantized radiation 
field is considered. It is the so-called Pauli-Fierz model of the nonrelativistic QED. 
The Hilbert space of state vectors of the system is given by 

n = 

where T denotes the Boson Fock space dehned by 
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where x {1,2}), n > 1, denotes the n-fold symmetric tensor product of 

X {1,2}) and x {1,2}) = C. The Fock vacuum fl is dehned by fl = 

{1, 0, 0,...}. Let 

Tq = {©)}LotI/‘'”^ G = 0 for n > m with some m}. 

For each {k,j} G x {1,2}, the annihilation operator a{k,j) is dehned by, for T = 

©“ 0^^”^ e ^0, 

(a(/c, {ki,ji...,kn,jn) = Vn + w^'^^^\k,j, ki,ji, ...,kn,jn)- 

The creation operator a*{k,j) is given by a*{k,j) = {a{k,j)\jr^)*. They satisfy the 
canonical commutation relations on jFg 

[a{k,j),a*{k',f)] = 6{k - k')6jf, 

[a(/c, j),a(/c', j')] = 0, 

[a*{k,j),a*{k',f)] = 0. 

The closed extensions of a{k,j) and a*{k,j) are denoted by the same symbols respec¬ 
tively. The annihilation and creation operators smeared by / G L^(K^) are formally 
written as 

O'Kfij) = J j)f{k)dk, a** = a or a*, 

and act as 

= VtJ + 1 J ki,jj...,k„,j„)dk, 

(«•(/, = ©I,..., 

jl=j 

where Y.ji=j denotes to sum up ji such that ji = j, and X means neglecting X. We 
work with the unit h = 1 = c. The dispersion relation is given by 

u{k) = \k\. 

Then the free Hamiltonian Hf of T is formally written as 

Hf=Yl [^^{k)a*{k,j)a{k,j)dk, 
i=i,2 
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and acts as 

n 

= '^U{kj)^^'"\ki,ji,...,kn,jn), Tl > 1, 
i=i 

(//f^)(0) = 0 

with the domain 

D(H,) = I* = e“f; ■ 

I n=0 ) 

Since Hf is essentially self-adjoint and nonnegative, we denotes the self-adjoint exten¬ 
sion of by the same symbol H{. Under the identihcation 

/•e 

H= J^dx, 

the quantized radiation held A with a form factor cp is given by the constant hber direct 
integral 

r(B 

A = A{x)dx, 

where A{x) is the operator acting on T dehned by 



Here (p denotes the Fourier transform of p and e{k,j), j = 1, 2, are polarization vectors 
such that {e{k,l),e{k, 2 ), A;/|A;|) forms a right-handed system, i.e., k-e{k,j) = 0 , e{k,j)- 
= Sjj', and e(/c, 1) x e(/c, 2) = k/\k\ for almost every k G We hx polarization 
vectors through this paper. 

The decoupled Hamiltonian is given by 

Hq = + Hi. 

Here 

denotes a particle Hamiltonian, where p = (—fVa;i, — 1 ^x 2 , and x = (xi, 0 : 2 , 0 : 3 ) 

are the momentum operator and its conjugate position operator in respectively, 

and V : R an external potential. We are prepared to dehne the total Hamiltonian, 

H, of this system, which is give by the minimal coupling to Hq. he., we replace p 0 1 
with p ® 1 — eA, 

= ^(p (g) 1 - eH)^ + V + 1® Hi, 
where e denotes the charge of an electron. 
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1.2 Assumptions on V and fundamental facts 


We give assumptions on external potentials. We say V G (the three dimensional 
Kato class [23]) if and only if 

limsup [ \}^M\dy = 0 , 

iGR3 J\x-y\<e \x — y\ 


and V G if and only if l^V G K^, for all i? > 0, where 




1, |a;| < R, 
0, |a;| > R. 


Let us dehne classes K and Wxp as follows. 


Definition 1.1 (1) We say V E K if and only if V = V+ — VL such that V± > 0, 
V+ G and V. E K 3 . 

(2) We say V E Vexp if and only if V — Z -\~ hh such that inf Z > cx), Z E Ljqj,(]R ), 
hh < 0, and W E Lp{R^) for some p > 3/2. 

For V E K a functional integral representation of by means of the Wiener 

measure on C([0, cxd); is obtained. See e.g.,[23]. For V E K n Wxp, using this 
functional integral representation, it can be proven that a ground state, /p, of —^A + V^ 
decays exponentially, i.e., 

|/p(a;)| (1.1) 

for almost every a; G with some positive constants Ci, 02 , 03 . Similar estimates are 
available to the Pauli-Fierz Hamiltonian H with V E K (1 Wxp- See Proposition 1.5. 
Furthermore we need to define class V{m),m = 0,1,2,... to estimate constant 03 in 
( 1 . 1 ) precisely. 


Definition 1.2 Suppose that V = Z + W E Wxp H K, where the decomposition Z + W 
is that of the definition of Wxp ■ 

(1) PFe say V E V{m), m > 1, if and only if Z{x) > ylxp™' for x ^ O with a certain 

compact set O and with some 7 > 0. 

(2) We say V G H(0) if and only i/ lim inf |a.|^oo-2^(3^) > where o'{H) denotes 

the spectrum of H. 
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A physically reasonable example of V is the Coulomb potential 


-eZ 

47r|a;| 


, where Z > 0 


denotes the charge of a nucleus. Actually we see the following proposition. 


Proposition 1.3 Assume that 




Then 


for all e > 0 . 


/b3 uj{k) 
eZ 


47r|a;| 


2(47r)2 

€ r(o) 


Proof: It is known that — l/|a;| G fl Kxp- Then we shall show mio{H) < 0. Let 
V = —eZ j{fPi^\x\) and / be the ground state of iLp = —|A + V, H^f = —pQf, where 


2(47r)2‘ 


E. = 


Then we have 


MaiH) <{f(Zn,Hf(Z n)n = (/, Lfp/)L2(«3) + -(/ ® 12, A^f ® Q)n 


E 




1-^1 IZXP^dk = -- 


2/^2 r 


2 \(47r)^ jr3 uj{k) 


dk \ <0. 


\ 1^1 V 

Thus the proposition follows. 

We introduce Hypothesis Hm, m = 0,1, 2,.... 

Hypothesis 

(1) 12(A) C D{V) and there exists 0 < a < 1 and 0 < b such that for f G 12(A), 


□ 


||C/||l2(r 3) < a||A/||i2(R3) + 1 ||/||l2(r3), 


(2) (p{—k) = (p{k), and \fE>p> G L^(R^), 

(3) inf (Tess(llp) — inf a (Up) > 0, where cT(llp) (resp. aess{Hp)) denotes the spectrum 

(resp. essential spectrum) of Hp, 

(4) V G V(m). 
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Proposition 1.4 We assume (1) and (2) of B.m- Then for arbitrary e ^ R, H is 
self-adjoint on D{A ® 1) fl D{1 ® Hf) and bounded from below, moreover essentially 
self-adjoint on any core of —A ® 1 + 1 ® 

Proof: See [14, 15]. □ 

The number operator of T is defined by 

^ f a*{k,j)a{k,j)dk. 

The operator k > 0, acts as, for T = 

with the domain 

D(N'‘) = {>1. = e“ o*'”’! i: n“ll>l''”>ll|..L.,.>x(..2» < ■ 

I n=0 ) 

We give a remark on notations. We can identify PC with the set of jF-valued L^-functions 
on i.e., 

( 1 . 2 ) 

Under this identihcation, T G can be regarded as a vector in JF). Namely for 

almost every a; G 

T(a;) G T. 

We use identihcation (1.2) without notices in what follows. The following proposition 
is well known. 

Proposition 1.5 Suppose Mm- Then there exists Cq < oo such that for all \e\ < eg, (i) 
H has a ground state tfg, (ii) it is unique, (Hi) \\{1®N^^‘^)il)g\\T-i < oo, (iv) ||t/’s( 2 ^)||a=' < 
£)q-s\x\"'+^ /or almost every a; G with some constants D > 0 and 5 > 0. 

Proof: See [5, 10] for (i) and (hi), [13] for (ii) and [16] for (iv). □ 

Remark 1.6 It is not clear directly from Proposition 1.5 thatipg G ©iV^/^). 

See Corollary 1.11. 
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The condition 


J = 




A. 

is called the infrared cutoff condition. (1.3) is not assumed in Proposition 1.5. For 
suitable external potentials, Cq = cxd is available in Proposition 1.5. This is established 
in [10]. In the case where infess(Tfp) — inf(j(iPp) = 0, examples for H to have a 
ground state is investigated in [17, 19]. It is unknown, however, whether such a ground 
state decays in x exponentially or not. When electron includes spin, H has a twofold 
degenerate ground state for sufficiently small |e|, which is shown in [18]. 


1.3 Localization of the number of bosons and infrared singu¬ 
larities for a linear coupling model 

The Nelson Hamiltonian [22] describes a linear coupling between a nonrelativistic par¬ 
ticle and a scalar quantum field with a form factor (p. Let T^n = ® JFn, where 

.Fn = The Nelson Hamiltonian is defined as a self-adjoint operator 

acting in the Hilbert space TYn, which is given by 

H^ = + Hf + gcj), 

where g denotes a coupling constant, Hf = / uj{k)a*{k)a{k)dk is the free Hamiltonian 
in JFn, and under identification TYn — tFNdx, 0 is defined by 0 = (f){x)dx with 

4>(x) = 2= / la'(k)e-‘'“ (TL + dk. 

V2J \ ^ ’ 0F) 0F)J 

It has been established in [2, 4, 9, 25] that the Nelson Hamiltonian has the unique 
ground state, 0^, under the condition 

X < oo. 

Let us denote the number operator of JFn by the same symbol N as that of T. In [6] 
it has been proven that 0^ decays superexponentially, i.e., 

< oo (1.4) 

for arbitrary 0 > 0. This kind of results has been obtained in [11, Section 3] and [24] 
for relativistic polaron models, and [26, Section 8] for spin-boson models. Moreover in 
[6] we see that 

lim 11(1 (» = oo. (1.5) 

1^00 ^ 


7 



Actually in the infrared divergence case, 


X = cx), 


( 1 . 6 ) 


it is shown in [20] that the Nelson Hamiltonian with some conhning external potentials 
has no ground states in TYn- Then we have to take a non-Fock representation to 
investigate a ground state with (1.6). See [1, 3, 21] for details. That is to say, as the 
infrared cutoff is removed, the number of bosons of diverges and the ground state 
disappears. A method to show (1.4) and (1.5) is based on a path integral representation 
of ('^^, Precisely it can be shown that in the case X < oo there exists 

a probability measure jj, on (^(M;]^^) such that for arbitrary /5 > 0, 




^ JC{R-,R^) 


where ((?t)-oo<t<oo e C(M;M^), and 


W{X, T) 


uj{k) 


( 1 . 8 ) 


Note that the double integral P^rpds dtW(qs — qt,s — t) is estimated uniformly in 
path and T as 


rO rT 

/ ds dtW{qs — qt, s — t) 
J-T Jo 


< I. 


This uniform bound is a core of the proof of identity (1.7). 


(1.9) 


1.4 The main theorems 

In contrast to the Nelson Hamiltonian, for the Pauli-Fierz Hamiltonian, as is seen in 
Proposition 1.5, it is shown that the ground state, tpg, exists and || (1 ®< oo 
even in the case X = oo. We may say that the infrared singularity for the Pauli-Fierz 
Hamiltonian is not so singular in comparison with the Nelson Hamiltonian, and one 
may expect that 

||g+/3(l®V)^j|^ < (50 (1.10) 

holds for some (3 > 0 under X = oo. Unfortunately, however, we can not show (1.10), 
since the similar path integral method as the Nelson Hamiltonian is not available on 
account of the appearance of the so-called double stochastic integral ([13]) instead of 



/°oo '^'5 /o” d,tW(qs — Qt-iS — t) in (1.7). The double stochastic integral is formally written 
as 


/ O roo 

dqf,,s / dq^^tW^^{qs - qt, s - t), 

~ oo J 0 


( 1 . 11 ) 


^,h'=l,2,3 


where (gs)-oo<s<oo = {qi,s,q 2 ,s,q-i,s)-oo<s<oo e C(R,r 3) and 


W (X T) - f (s - -ITMfc) 1, 

Actually we can not estimate (1.11) uniformly in path such as (1.9). Therefore we are 
not concerned here with (1.10). In place of this we will show the following theorems. 

Theorem 1.7 Assume H^. Then ipg G fl^i 71(1 ® iV^/^). 


Remark 1.8 Theorem 1.7 automatically follows if one assumes that photons have ar¬ 
tificial positive mass, n, i.e., u{k) = 

Theorem 1.9 Assume Then for a fixed k > there exist positive constants Dk, 
and S independent of k such that 

11(1 ® ( 1 . 12 ) 


for almost every a; G K^. 

Remark 1.10 ITe do not assume X < oo in Theorems 1.7 and 1.9. 


From Theorems 1.7 and 1.9 the following corollary is immediate. 

Corollary 1.11 Assume H^. Then ipg G fl^o ® iV^/^) for f < 5/2. 

Proof: Since fg G Zl(e^7hr+^ 0 1) ft Zl(l ® iV^/^) for all /c > 0, the corollary follows 
from the fact that _D(e^7hr+^ ® 1) fl Zl(l ® N^) C T)(e7Fr’'"^ (gi N^P). □ 


1.5 Outline of proofs of the main theorems 

For notational convenience, in the following we mostly omit the tensor notation 
e.g., we express as FTf for 1 ® Hi, af{k,j) for 1 ® af{k,j), A for A ® 1, |a;| for |a;| ® 1, 
etc., and set 

k= {k,j) G X {1,2} 
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and 


...dki...dkn = ...dki...dkn- 

The strategy of this paper is as follows. We check in Lemma 3.2 that 

'^\\a{ki)...a{ki)'^\\‘^dki...dki < oo, 1 = 1,2, ...,k, (1.13) 


if and only if 




Thus in order to prove Theorem 1.7 it is enough to show that tfjg G Zl(a(ki)...a(k;)) 
for almost every {ki, ...,ki) G and 



a(ki)...a(ki)'ipg\\‘^dki...dki < oo 


(1.14) 


holds for all I > 0. One subtlety to show 1.14 is that we do not assume X < oo. 
Bach-Frohlich-Sigal [5] proved (1.14) for / = 1. We extend it to / > 1. 

To see (1.14) for all / we make a detour through the modihed annihilation operator 
dehned by 


h{k,i) 


a{k,j) - ■ e{k,j))^== 

v2 y^{k) 


X{k). 


For some 4/ G we establish in Lemma 3.6 that 


||a(ki)...a(k„)T||^ 

H n W===ll^(ki)--&(kpi)--&(kpJ--Kkn)|a;|^T||^, (1.15) 

/=o y^^ykp.) 

where ^ means neglecting the term below, and I]{pi,...,p;}c{i, 2 ,...,n} denotes to sum up all 
the combinations to choose I numbers from {1,2, In Lemma 3.7 we show that 

there exist constants such that 

^ n n—l 

~ 1=0 k=l 

Combining (1.15) and (1.16), we see in Lemma 3.8 that 

^ ||a(ki)...a(k„)T||^(iA;i...(iA;„ 

< 2" \\b{k,)...b{K)nHdki...dkn + (1-17) 
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with some constants df, where 

n n—l 

EE' 

1=0 k=l 

Furthermore if ifg G then we see that 

where 

E = inio{H). 

Using this identity we show in Lemma 2.12 that if tfg E D{N^^‘^) then for all I > 0, 

\x\^ijg E (1.18) 

Under these preparations we prove Theorem 1.7 by means of an induction. Let us 
assume that 

fjg E (1.19) 

Hence 

^\\a{^^l)...a{^^l)%fg\\l^dkl..Akl < oo, / = 1, 2,..., n - 1. (1-20) 

Then we see that by (1.19), 


J2d]'Tln-i,iifjg) < oo. 


1=1 


Moreover by using pull through formula (2.14) we prove in Lemma 3.4 that 

n 

||6(ki)...6(k„)^7g||H < ^(5i(A;p)||6(ki)...6(kp)...&(k„)(|a;| + l)il)g\\H 

p=l 

n 

P=11<p 

with 

6i E L^(M^), 62 E L^(M^ X M^). 

By (1.16), (1.18) and assumption (1.19), we show that 

^ \\b(ki)...b(kn)i/jg\\ndki...dkn < 00 . 


( 1 . 21 ) 
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Hence by (1.17) we have 


< 2 " 


p\a(k,)...a{KmUh...dK 


which implies, together with (1.20), that 

ijg G D{N'^/‘^). 


Since ipg G Zl(iV^/^) is known, we obtain 

OO 

G n D{N^I^). 

k=l 

This paper is organized as follows. In Section 2 we establish (1.21) by means of the 
pull-through formula. In Section 3 we give a proof of the main theorems. In Section 4 
we show (1.18) by virtue of a functional integral representation. 


2 Pull-through formula and exponential decay 

2.1 Fundamental facts 

Let T be an operator. We set 

OO 

C°^{T) = f| D{T^). 

k=l 

Lemma 2.1 We have ipg G C°°(|a;|) fl D{A) fl C°°(i7f). 

Proof: By Proposition 1.4, D{H) = D{A) fl D{H{). Then ipg G D{H), which implies 
fjg G D{A). By Proposition 1.5 (2) it holds that ipg G C°°(|a;|). It is obtained in [8] 
that H\{H — i)~^ is bounded for all I > 0. Recall that E = inicfH). Then it follows 
that for arbitrary / > 0, 

\\H‘M\n = \\HHH - t)-‘{E - <\(.E- ifWlHUH - i)-‘||||V',ll«. 

Then V’a 6 for all I > 0. Thus the lemma follows. □ 

Let 




l,...,n,n = 0,1,...}, 
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where denotes the set of the hnite linear sum of We dehne 

V = c^{\x\)nc°^{Hi), 

and 

C = 

Lemma 2.2 Let m >0 and n > 0. Then {Hf + 1)"^ + \x\'^ is self-adjoint on D{{Hf + 
1)”) n D{\x\'^) and essentially self-adjoint on C. 

Proof: The self-adjointness is trivial. Since and are the set of analytic 

vectors of \x\^ and respectively, C“(K^) and are cores of \x\^ and 

respectively. Hence C = is a core of {H{ 1)” -1- \x\"^. □ 

Remark 2.3 Letp,q > 0. From Lemma 2.2 it follows that for G "D C -\- 

|a;|'^) there exists a sequence {Tm} C C such that d' and {{Hf -\- \x\^)^rn —^ 

((Rf -|- ly -\- |a;|'^)'h strongly as m ^ oo. 

Let fj G C“(]R^\ {0}), j = 1,..., n, and T G C. Then it is well known and easily proven 
that 

P n 

y I n fykM<^i)-<K)nHdh...dK < 6 (/i,..., /n)ii(^^f + ly'^nn (2.1) 

i=i 

with some constant e(/i,..., /„) independent of T. 

Let A and B be operators. We say / G D{AB) if / G D{B) and BfG D{A). 

Lemma 2.4 Let T G Then there exists Afx)(T) C with the Lebesgue measure 
zero such that 

T G L>(a(ki)...a(k„)) (2.2) 

and 

a(ki)...a(k„)\h G V (2.3) 

for {ki ,..., kn) ^ AfD(T). Moreover assume that {Tm} C C satisfies that ^ d' and 
{Hi -|- {Hi -|- 1)"-/^T strongly as m ^ oo. Then there exists a subsequence 

{m'} C {m} and Wlx)(T, {Tm}, {m'}) C with the Lebesgue measure zero such that 
for (/ci,..., kn) ^ M.v{^ 1 {d'm}, {'fn'}), (2.2) and (2.3) are valid and 

s — lim a(ki)...a(k„)\hm' = a(ki)...a(k„)T. 
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Proof: See Appendix A. 


Lemma 2.5 The operator |a;| leaves V invariant. 


Proof: Let ^ e V. It is clear that |a;|\E' G C°°(|a;|). We choose a sequence {\hm} C C 
such that 'Lm —^ 'h and ((iLf + 1 )‘^^ + |a;p)\E'm —^ {{Hf + 1)^” + |a;p)\h strongly as 
m ^ oo. In particular 

^ Ixjd' (2.4) 

strongly as m ^ oo. iff |a;|\hm is well dehned and it is obtained that 


Then Hf\ x\'^rn converges strongly as m —cx). Since Hf is closed, by (2.4) we have 
I^IT G D{Hf). Here n is arbitrary, hence IxlT G C°°{H{). The proof is complete. □ 


Let 


and 


P{k) 


g g ik-x 

\Jixi{k) 


e(k)(^(/c) 


b(k) = e^^'^a{k)e = a(k) — ix ■ /5(k). 

For simplicity we set —ix ■ Pfkj) = 9j. Then 


h{kj) = a(kj) + Oj. 


Lemma 2.6 Let T G C and fj G C“(K^ \ {0}), j = l,...,n. Then there exists a 
constant e'(/i, ■■■,fn) independent o/T such that 

L\flMkMH^i)--MK)<l\\ndh..Jk„<^{X,...J„)\\({H, + ir + \xn<l{\n. (2.5) 

i=i 

Proof: Since [9j, a(k)] = 0 on C, we have 


6(ki)...6(k„)4/ — (a(ki) + 6'i)...(a(k„) + 0„)4/ 


n 

= Y. Y. 0pi...0p,a(ki)...a(kpJ...a(kpJ...a(k„)T. 
Hence by (2.1), 

i I n fAk3)m^i)---KK)nHdh...dK 

i=i 
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I 

n 


\eip{k)\ 


fpi{k)dk 


<E E 

1=0 {pi,-,Pl}C{l,..,n} \*=1 ^2u]{k) 

xe(/i, ..X, -Xn fn)\m+ 


Since ||(i7f + 1)^” < c„;||((iff + 1)” + |a;p"')^||->^ with some constant c„;. 

Thus (2.5) follows. □ 


Lemma 2.7 Let T G "D. Then there exists A/x)(\t') C with the Lebesgue measure 
zero such that 

^ e D{b{k,)...b{K)) (2.6) 

and 

&(ki)...6(k„)TGP (2.7) 

for {ki ,..., kn) ^ A/i)(T). Moreover assume that {T™,} C C satisfies that ^ ^ and 
{{Hi + 1)” + \x\‘^^)'^rn —^ {{Hi + !)"■ + |a;p"')\h strongly as m ^ oo. Then there exists 
a subseguence {m'} C {m} and A/x)('h, {Tm}, {m'}) C with the Lebesgue measure 
zero such that for {ki ,..., kn) ^ A/i)(\t', {Tm}, {tn'}), (2.6) and (2.7) are valid and 

s - lim b{ki)...b{'kn)'^m' = 6(ki)...6(k„)T. 

m'—^oo 

Proof: See Appendix A. 

2.2 Pull-through formula 

Lemma 2.8 We have 

C C D{Hb{ki)...b{kn)) n D{b{ki)...b{kn)H) (2.8) 

for all {ki,..., kn) G and for T G C, 


[H, 6(ki)...&(k„)]T = 77oT + + 772^. 


Here 


n 

TZo = 77o(ki, ...,k„) = - ^cc;(A;p)6(ki)...6(k„), 

p=l 

n 

TZi = 77i(ki, ...,k„) = ^di(kp)6(ki)...&(kp)...6(k„), 

p=i 
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and 


7^2 = 7^2(kl,k„) = E E MK, K)b{k,)...b{k,)...b{k,)...b{K), 

p=l q<p 

^9i(k) =^i(k,x,p) = ^{{x ■ p{k))k-{p- eA) + k-{p - eA){x ■ p{k))} -iu{k){x■ p{k)), 
■d 2 ik, k') = ■(92(k, k', x) = {x- Pik)){x ■ P{k')){k ■ k'). 


Proof: (2.8) is trivial. 

On C we have 



[77,6(k)] = -u;{k)bik)+Mk)- 

(2.9) 

Moreover 

[6(k'),tf,(k)] = ^2(k,k'). 

(2.10) 

By (2.9) and (2.10) we have 



n 

[H,b{k,)...b{K)]^ = J2b{k,)...{-u;{kp)b{kp)+Mkp)}...b{kn)'^ 

p=i 


= - E^(MKki)...&(k„)^ + E^i(MKki)...6S,)...&(k„)^ 

P=1 p=l 

n 

+ E E Mkp. k,)b{k,)...bik,)...b(kp)...b{K)^. 

p=lq<p 

The lemma follows. □ 

B denotes the closure of B. We simply set IZi = 7^i [c- 

Lemma 2.9 Let T G "D fl T*(A). Then there exists C with the Lebesgue 

measure zero such that for {ki,kn) ^ 

T G D(7?.o(ki,k„)) n D(Tli(ki, k„)) fl D(7^2(ki,k„)). 

Proof: By Lemma 2.7, T G D{b{ki)...b{kn)) and 6(ki)...6(k„)\h G V for {ki,...,kn) ^ 
Thus &(ki)...6(k„)\h G D{Y.p=i^{kp)) fl Zi)(d 2 (kp, kg)), which implies that 
T G i7(77o(ki,..., k„)) fl i7(772(ki,..., k„)). Next we shall prove i7(77i(ki,..., k„)) 9 T. 
Simply we set = {{Hf + 1)'^ + |a;p”). We have on C 

n ^ _ n 

ni = '^ix- (3{kp){kp ■ p)b{ki)...b{kp)...b{kn) + E^a;(kp)6(ki)...6(kp)...6(k„), 

P=1 P=1 
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where 


= {-ie){x ■ /3(kp))(A; ■ A) - ^(i/3(kp) ■ kp + x ■ I3{k.p)\kp\^) - iuj{kp){x • /3(kp)). 
It follows that for $ G C, 

n _ 

II Y[ fj{kj)Tlx{kp)b{ki)...b{kp)...b{kn)^\\ndki...dkn < ci||i^mi'h||?i 
i=i 

with some constants Ci and mi, and 



ix ■ P(kp){kp ■ p)b(ki)...b(kp)...b(kn)^ = ix ■ P(kp)b(ki)...b(kp)...b(kn){kp ■ p)^ 

+ H T^x{kp, kg)b{ki)...b{kg)...b{kp)...b{kn)^, (2.11) 

i¥=p 

where 

'^x(kp, kg) ix • /3(kp) ( kg(3(kg^ -|- ix • /3(kg)(/cp ■ fcg)). 

The second term of (2.11) is estimated as 



n '^x(kp, kg)b(ki)...b(kg)...b(kp)...b(kn)^\\ndki...dkn 

j = l q^p 


with some constants C 2 and m 2 . By (2.5) the first term of (2.11) is estimated as 

n 

II n fjikj) {x ■ /3(kp)) b{ki)...b{kp)...b{kn){kp ■ p)^\-Hdki...dkn 
i=i 



< e'(/i,...,/p,A 


|e| W{.kp)\ 

V^^u{kp) 


Ilif^.ilxK/Cp ■ j9)<l>||^^dA;p. 


Let Q = Kn-i- Note that 

\\Q\x\{k ■ p)^'^ = (|a;pQ^$, {kp-pf^)n + (<h, [{kp ■ p),Q^\x\‘^]{kp ■ p)^)n. 
Since [{kp ■ p), |a;|] = —i{kp ■ a;)/|a;|, we have [{kp ■ p),Q‘^\x\^] = kp ■ P, where 

p = 2 1(//, + + !)“■’ + 


Then 

llQIxIfe .p)4||?( < (l||i| V4'II«I|A-1>||« + l|Pt||«|l|p|t||«) . 
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Hence 


\\Q\x\{kp ■ p)^\\n < \kp\ {csWKms'^Wn + c’\\A^n) 

follows with some constants C 3 , c' and m 3 . Thus for $ G C 

i II n K)nndk,...dkn < cWK^nn + c'|| A$||„ ( 2 . 12 ) 

i=i 

follows with some constants c and m. Set K = —A + = —A + Ixp™' + (iff + I)™. 

Then K is self-adjoint on D{—A + |a;p™') fl + 1)™') and essentially self-adjoint 

on C. Then for T G "D fl D{A) there exists a sequence {'!/;} C C such that T; —T and 
K^i —strongly as / — 00 . By (2.12) it follows that 

n 

n /i(^i)^i(ki,..., kn)'^i\\-udki...dkn < c\\Km^i\\-u + c'll ATill^^. 
i=i 

Then there exist A/x>(\h)' C with the Lebesgue measure zero and a subsequence 
{/'} C {/} such that 7^i(ki,..., k„)\h;/ strongly converges as /' —> cx) for {ki,...,kn) ^ 
A/'x,(T)'. Then T G T)(7^i(ki,..., k„)) for {ki,...,kn) ^ A4)('l/)'. Set 

Ar(T) =Arx,(T)UAr25(T)'. 



We get the desired results. □ 

The following lemma is a variant of the pull-through formula. 

Lemma 2.10 For (/ci,..., A;„) the following (1), (2) and (3) hold; 

(1) fjg G D{b{ki)...b{K)) n D{no) n d{tz,) n 0(112), 

(2) 6(ki)...6(k„)^, G D{H), 

(3) 

- E + '^^uj(kp)^ b(ki)...b(kn)'ipg = Hitljg + (2.13) 

In particular it follows that for (ki, ..., kn) ^ Af('ipg) and (ki, ..., kn) 7^ (0,..., 0), 

6(ki)...6(k„)^, = (h - E + pu(kp)\ (^Zl^Pg + n2^pg). (2.14) 
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Proof: Note that -ipg E V n D{A) = C“(|a;|) fl fl -D(A). Then (1) follows 

from Lemma 2.9. Since C is a core of H, we have (pm G such that pm Pg and 
Hpm —^ Hpg = Epg strongly as m ^ oo. Then we have for 0 G C 

{Hp, b{ki)...b{kn)pm)H = + (0, b{ki)...b{kn)Hpm)H- 

i=o,i ,2 

It follows that 


YimJ^Hp,b{ki)...b{kn)pm)H = Ji^(&*(k„)...6*(ki)iL0, 0^)-^ 

= {b*{kn)...b*{ki)Hp,pg)u = {Hp,b{ki)...b{kn)pg)n, 
lim {p,njpm)H = lim {n*p,pm)n = {'KP,Pg)H = {P:'^jPg)'H, 

and 

h^{p,b{ki)...b{kn)Hpm)'H = lu^{b*{K)...b*{ki)p, Hpm)H 

= {b*{kn)...b*{ki)p, Epg)n = E{p,b{ki)...b{kn)pg)n- 

Hence 


{Hp,b{ki)...b{K)pg)H= {P^'^jPg)n +E{p,b{kp...b{K)pg)n■ 

j=o,l,2 

Then b{ki)...b(kn)pg G D{H) and we have 


Hb(ki)...b(kn)pg = E-jpg + Eb(ki)...b(kn)pg. 

i=o,i ,2 

Note that TZopg = TZopg and TZ 2 pg = Tl 2 pg- Then (2.13) follows. 


□ 


2.3 Exponential decay of 

Lemma 2.11 Suppose that pg G D{N^/p. Then there exist positive constants Dk, 
and S independent of k such that 

WN'^'^PgixPW < 

for almost every a; G In particular N^/‘^pg G 

The proof of Lemma 2.11 is based on a functional integral representation of e“*^. 
Essential ingredients of the proof have been obtained in [14]. The proof is, however, 
long and complicated. Then we move it to Appendix B. 
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Lemma 2.12 Suppose that 'ipg G D{N^/‘^). Then |a;|Vc/ ^ D{N^/‘^) for all I > 0. 

Proof: This lemma is immediately follows from Lemma 2.11 and the following funda¬ 
mental lemma. □ 

Lemma 2.13 Let 1C be a Hilbert spaee, and A and B self-adjoint operators such that 
^ g t £ K, Supposc that (j) G D{A) n D{B) and Acf G D{B). Then 
Bcj) G D{A) with AB(f) = BA(j). 

Proof: It follows that — 1)0. Take t —0 on 

the both sides. Then it follows that G D{A) with Ae~'^^^(j) = From 

this identity we have — 1)0 = — 1)A0. Take s —0 on the both 

sides. Since A is closed and assumption Acf) G T){B), we see that 50 G D{A) and 
AB(j) = BAf). □ 

Proof of Lemma 2.12 

In Lemma 2.13 we set /C = Ti, A = ^^d B = \x\K Since tjjg G D{N^/‘^)PD{\x\^) 

and G 5(1 x\^) by Lemma 2.11, the lemma follows. □ 

3 Proof of the main theorems 

Lemma 3.1 The following statements are equivalent. 

(1) T G 5(a(ki)...a(k„)) for almost every (/ci,..., kn) G and 

^ ||a(ki)...a(k„)'F||^ciA;i...(iA; n < OO. (3.1) 

(2) TG5(n)‘=i(iV-j + l)V2). 

that 

n 

- ] + lYI'‘nn- 


(3.2) 

n=0 


Moreover if (1) or (2) is satisfied, then it holds 
^\\a{'ki)...a(kn)'^\\‘^dki...dkn = \ 
Proof: We prove (1) (2). We identify TC as 

OO 

T-/ 
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where 


We note that 


7^„ = L^(K^x(R^x{l,2}m. 


n(iV-j + l)i/2v]/ 
i=i 


Dehne 'hp = G by 


0, /c = 0,1,..., n — 1, 

Jk{k — l)...{k — n + k > n. 


^ I m<p, 

P I 0, m > p. 


By the dehnition of a(k) we have 


(a(ki)...a(k„)d'p)^'^ {x, k'l,..., kj) = VI + IVI + 2.. V/ + n¥p^'^\x, ki,..., k„, k^,..., kj). 


Then 


|a(ki)...a(k„)Tp||^ 


00 « 

1=0 ~ 

P-n r 

= E(' +!)(' + 2)-(' + ")X ...,k„, k'l, 

p—n 

= i: ||(a(k0^..a(k„)<I-)'"||?,,. 


Hence 


^ ||a(ki)...a(k„)Tp||^ciA;i...dA;„ 

p-« ^ 

= i:(/ + i)(/ + 2)...(i + n)y ||'ki'+”>(.,k,,...,k,., k'l,...,k;)|ii,, 

z=o ~ 

= y *:(*: - !)(*: - 2)...(fc - n + 1)|: ||>1<''=>(., k„ ..., kt)|||i,.,,*,...*t 




fc=o \i=i 



By (1) we see that 


lim ||a(ki)...a(k„)Tp||^ = Jim ^ ||(a(ki)...a(k„)T)(^)||^^ 
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= ||a(ki)...a(k„)^i|^ 
for almost every (/ci, kn) G and 

||a(ki)...a(k„)^||^eL'(R3"). 

Thus the Lebesgue dominated convergence theorem yields that 

lim ^ ||a(ki)...a(k„)'hp||^(iA;i...(iA;„ < oo. 


(3.6) 


Then from (3.5), it follows that 


j=i 


= lim 5^ 

n —»piri ' ^ 


n 


p—»oo 


A:=0 


(fc) 


n(iv-j+i)i/2M/ 

u=i 




< CX). 




Thus (2) follows. 

We prove (2) (1). By (3.5) and (2) we see that 

lim ^ ||a(ki)...a(k„)Tp||^(i/ci...(i/c„ < oo, 

and by (3.4), ||a(ki)...a(k„)Tp||^ is increasing in p. Then we have by the Lebesgue 
monotone convergence theorem. 


jin^^ ||a(ki)...a(k„)'l/p||^(iA;i...(iA;„ ||a(ki)...a(k„)Tp||^ciA;i...dA;„ < cx). 


Then (1) follows from (3.6). 


(3.7) 
□ 


Lemma 3.2 The following statements are equivalent. 

(1) T G Zi)(a(ki)...a(k„)) for almost every {ki,...,kn) G and 

'^\\a(ki)...a(kn)'^\\‘^dki...dkn < oo 

for n = 1,2, ...,k. 

(2) T G 

Proof: By Lemma 3.1, it is enough to show that 

n k 

f]Dil[iN-j + iy/^)=DiN^/‘^). 

k=l j=l 
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Assume that 


n k 

n DiY[iN^-j + iy/^). (3.8) 

k=l j=l 

Let \l/p be defined by (3.3). Let Wn = n”=i(A^ “ J + !)• For example N = Wi, = 
W 2 + WuN^ = W 5 + 31^2 + IFi, = IL4 + 6IF3 + 7IL2 + Wi, etc. One can inductively 
see that there exist constants aj,j = 1,..., k, such that on JFq, 

n 

Then it follows that 

+ a2\\Wl/^^>XH + - + akWl'^^Xn- ( 3 - 9 ) 

As n ^ 00 , from (3.8) it follows that the right hand side of (3.9) converges to 

aiWWf-'ni + + ... + auWWll'^nl- 

Since 

A:=0 

T G D{N^/‘^) follows. Then 

n k 

f| D(n(A^”-J + l)^^^) CD{N^/^). (3.10) 

k=l j=l 

Next we assume that 

Note that 

k 

T G n D{N^/‘^). 

l=l 

It is seen that there exist constants I = 1, such that 

n n 

II n(7v - j+n(^ - +i)^p) 

i=i i=i 

n 

= N{N - 1){N - 2) ■ ■ ■ {N - n + l)'^p) < ^ (3-11) 

1=1 
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Take p —cx) on the both sides above. Then the right hand side of (3.11) converges to 




i=i 


Hence 


n(]v - j += ito i: II n(^ - i+ 

i=i fc=o Vi=i 


(k) 


|2 

\Hk 




oo. 


p—>oo 


i=i 


Thus T e nLi D{W=i{N -j + We obtain 


n n 


k=l j=l 


(3.12) 


The lemma follows from (3.10) and (3.12). 
We set 


□ 


-1 


= T^Loiki, ■■■,kn)= \h - E + Y1 ^(kp) 

V p=i 

Lemma 3.3 There exist (5i(-) G L^(K^) and 62{-, ■) G L‘^{R^ x R^) such that for T G T>, 


i|7^^dl(^)vI/i|„<<5l(A;,)||(|a;| + l)vI/||„, 


and 


Wn^AiKKMn < 62 {kg,kp)\\\x\^nH- 

Proof: By the closed graph theorem there exists a constant C such that 


(3.13) 

(3.14) 


First we shall prove that Tl^{p ■ kq) and Tl^{A ■ kq) are bounded with 


and 


\\T^u{p ■ kq)\\ < Cl{kq) (3.15) 

Wn^iA-kqy < C 2 {kq), (3.16) 

where ci{kq) = ^J{\kJT]l^^E\jc and C2{kq) = V2{ci{kq) + 1) {2\\(p/u\\ + \\(y/^/u\\). 
Let 'll G C. Since 


IKp . *:,)'I<||?, < \k,\\^,C(H + I)'!') < \k,\'^C {||(// - Ef^nn + U + .E|||'I'|iy , 
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we see that 


||(p■A;,)7^.v[/||^<C|A;,|||M/||?, + C|l + E|||^hi|?,. 

Thus (3.15) follows. Note that 

and 

l|o*(/.j)'I'lk< ll//V^^III|/^l">t||:r+ll/llIl'I'lk. 

Since 

||(A . < y^\k,\ (21145/^11 + 1145/v^ll) (||ff;''">P||„ + ||>P||„) 

and 

WHl'Ml < CCT, (H + 1)>I>)„ < C\\(H - E)^l^nl + C|1 + BIII'I'II?,, 

we have 

< C|*^,III'I'II?, + C|1 + BIII4-II5,. 

Hence 

\\{A-k,)n^nn <V2[2\\^/uj\\ + ll^/v^ll) (|A;,|||T^f'/'7^^T||w + |A;,|||7^^T||„) 

< \/2^sJ{\kq\ + \1 + E\)C + l| (2||(^/c<;|| + ||(^/A/a;||)||\['||7^. 

Thus (3.16) follows. We have on C 

di(k) = i{p — eA) ■ k{x ■ P{k)) + ^ (i/3(k) ■ k + x ■ P{k)\k\'^'^ — iuj{k){x ■ /5(k)). 
Then by (3.15) and (3.16) we have for T G C, 

\\nj{p-eA) ■ kp,{x ■ f3{kp))^\\n < {ci{kp) + |e|c 2 (/i;p)) |a;|T|| 7 ^, 

\\n^{-iuj{kp){x ■ p{kp)))^\\n < ^^uj{kp)\(p{kp)\\\\x\'^\\n, 

and 

||K„1 (i/((k,) ■k. + x- /3(M|A^,|2) >t||„ < iM ||||j|<I-||d . 
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Since ||<^|| < oo, < oo and ||<^/cc;|| < oo, (3.13) follows for d' G C. By a limiting 

argument it can be extended for 'I' G "D. (3.14) is rather easier than (3.13). We have 
for 'h G C, 

||7^^d2(kp,kg)d'||^^ < ^^o^(/cp)o;(/cg)|(^(/cg)(^(/cp)||||a;p4'||>^. 

Thus the lemma follows from a limiting argument and < cx). □ 

From Lemma 3.3 the next lemma immediately follows. 

Lemma 3.4 For almost every {ki,kn) G it follows that 

'ipg G T)(6(ki)...6(k„)) P|[npT)(6(ki)...6(kp)...6(k„)(|a;| + 1))] 

f][nq<p{b{ki)..M{kq)...b{kp)...b{K)\x\^)] (3.17) 

and 

n ^ _ 

\\b{kl)...b{kn)^|Jg\\H < 5i{kp)\\b{ki)...b{kp)...b{kn){\x\ + l)fjg\\H 

p=l 

n ^^ ^ 

+ '^'^S2{kp,kq)\\b(ki)...b(kq)...b(kp)...b{K)\x\‘^f:g\\n. 

p=l q<p 

Froo/; Note that for (/ci,^ A/^('^^) and (/ci,A;^) 7 ^ (0, 

6 (k]^)...&(k^)' 0 p, A^ri)'^l(ki, \^n)ll)g “h ‘Ti.ujikxi •••7 A^n)'^ 2 (ki, 

Let ^ G C and fj G \ {0}), j = 1, It is obtained that 

^pidkx...dkfi 

n « n 

< I n /,(A:,)|5i(MIIKki)...&S,)...Kk„)(|a;| + l)nndk,...dkn. (3.18) 

p=i j=i 

Similarly we obtain that 

..., kn)'F.2(^ki, ..., /ujj)TII...d/ufi 

< Y.i\EfAkq)\Y.d2ikp,kq)\\bik,)..M(kq)..M(kp)..MK)\x\^'^ (3.19) 

p=l'' j = l q<p 


i=i 


i=i 
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We choose a sequence {^m} C C such that ^ t/’g and + 1)'^ + \x\‘^^)^rn —^ 
((hff + 1)'^ + \x\‘^^)%ljg strongly as m —> cx) for sufficiently large K. Note that \x\^^rn —^ 
Ixpd' and ((iff + !)"■ + \x\‘^'^)\x\^^m —^ ((iff + 1)” + |a;p”)|a;p\I' strongly as m —cx) 
for j = 1, 2, since K is sufficiently large. By Lemma 2.7 there exists a subsequence 
{m'} C {m} such that for almost every (/cf,..., kn) G (3.17) follows and 


b(ki)...b(kn)'^m' b(ki)...b(kn)^/jg, (3.20) 

b(ki)...b(kp)...b(kn){\x\ + l)d'^/ ^ 6(ki)...6(kp)...6(k„)(|a;| + l)^/jg, (3.21) 


and 


6(ki)...6(kg)...6(kp)...6(k„)|a;pd'^/ ^ b(ki)...b(kq)...b(kp)...b(kn)\x\'^^/jg (3.22) 

strongly as m' —> cx. Moreover 

« n 

y I n /g(A:g)<5i(MIIIKki)...&K)...&(kn)(|a;| + l)^™.||„fA;i...fA;„ 


i=i 


< [j S,{kp)\fp{kp)\dkpj e'(/i, ...Jp ,..., /„)||((fff + 1)"-' + \x\^^-^){\x\ + l)vl/^,||„ 
and 

^ n 

T\Ufjikg)S2{kp,kg)\\\b{k,)...b{kg)...b{kp)..MK)\x\^^ 

i=i 

< (^y b2{kp,kg))\fp{kp)fg{kq)\dkpdkg^ 

xe\h,..Jp,..Jg,...Jn)\\m + ir-^ + \x\^--^)\x\^^ 

Then we have by (3.18) and (3.19) 

^ n 

T\UfAkMK^i)---KK)'^rn'\\ndki...dkn 

i=i 

< Ei I n fAkj)di{kp)mk,)...b{kp)..MK){\x\ + 

P=M i=l 
n « n 

E Ey I n fjikj)S2{kp, A;,)|||6(ki)...&(^)...6(5)...6(kO|x|2T^,||„fi;i...fi;„ 


j = l 


< C||((iff + 1)^ + \x\^^)^^,\\n < C^wm + 1)^ + \^rw\n 
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with some constant C and C. Thus by the Lebesgue dominated convergence theorem 
and (3.20), (3.21) and (3.22), we have 

...h{\^n)ijg\\Hdki...dkn 

fj{kj)5i{kp)\\\b{ki)...b{kp)...b{kn){\x\ + l)^g\\ndki...dkn 

p=i j=i 

+ H I n fjikj)d2{kp, kg)\\\biki)...b{kg)...b{kp)...b{kn)\x\^^g\\Hdki...dkn 

p=l q<p'^ j=l 

Since fj G C“(M^ \ {0}), j = 1, ...,n, are arbitrary, the lemma follows. □ 


P n 

TiumMmi) 

i=i 


Lemma 3.5 Let T G T*. Then for almost every (/ci,..., kn) G it follows that 

4-€£>(Mk,)...Kk,.))n[nr.on(p.„ ,pi}c{i,..,n} T>(a(ki)...a(kpJ...a(kpJ...a(k„)|a;|')] 


and 


- ^ ^ PTlk 

1=0 {pi,..,pi}c{l,..,n} j=l y 


||6(ki)...6(k„)T||„ 

n ^^===||a(ki)...a(kpJ...a(kpJ...a(k„)|a;|'T||„. 


(3.23) 


Proof: Take a sequence C C such that ^ d' and {Hf + + l)Tm —^ 

{Hf + + l)\h strongly as m ^ oo for sufficiently large K. (3.23) is valid for T 

replaced by since 


b(ki)...b(kn)^m = (a(ki) + 6'i)...(a(k„) + 9n)^m 
n 

= E E 9Pi . .Mpi^aikif ..a(kpi ) ...aikp^ ).. .fl(kn)'hm. 

^=0 {pi,--,Pl}C{l,..,n} 

Note that \x\’''^rn —^ |a;|^T and {{Hf + 1)^ + \x\‘^^)\x\’''^rn —^ ((hff + l)'^ + |a;p'^)|a;|^T 
strongly as m —> oo, since K is sufficiently large. By Lemmas 2.4 and 2.7 there exists 
a subsequence {m'} C {m} such that for almost every (fci,..., kn) G 

b{ki)...b{kn)'^m' 6(ki)...&(k„)T 

and 

a(ki)...a(kpJ...a(kpJ...a(k„)|a;|'Tm' ^ a(ki)...a(kpJ...a(kpJ...a(k„)|a;|'T. 


Thus the proof is complete. 


□ 



Lemma 3.6 Let 'I' G "D. Then for almost every {ki,kn) G 

'I' G L)(a(ki)...a(k„))f|[nJLo n{p,,..,p,}c{i,..,n} L>(6(ki)...6(kpJ...6(kpJ...6(k„) |a;|')] 
and 

||a(ki)...a(k„)^|| 

H n ^7===ll^(ki)---Kkpi)...&(kpJ...Kkn)|a;|'^||7^. 

z=o {pi,..,pi}c{i,..,n} j=i y^^[kpj) 

Proof: Note 6(ki)...&(k„) = (a(ki) — 6*i)...(a(k„) — On)- The lemma is proven in the 
similar way as Lemma 3.5. □ 


Lemma 3.7 Suppose that \x G n V for z = m,m + 1, ...,m + n. Then 

there exist constants cl’'' such that 


^ n n—l 

~ 1=0 k=l 


Proof: We have by Lemma 3.5 and | Ylj=i Xjp < NJ2j=i Xj, 

^ n 

T \\b{k,)...b{kn)\xr’^f^dk,-dkn < 2"^ ^ 

T/ 7 r« f -I ^ 


Z=0 {pi,..,Pi}C{l,..,n} 
m+Uj,\\2 


eip 


\fTijj 

x\'^~^‘'^\\'^dkl..dkp^..dkp^..dk, 


X 


^p\a(kXMKX..afy..-a(K)\ 

By the assumption it follows that \x\^~^''^ G Thus we see that 

^ \\a{ki)...a{kp^)...a{kp^)...a{kn)\x\'^^''^\\‘^dki..dkp^..dkp^..dk, 


n—l 


n—l 


= II liiN - j + < ^a”’'||iV'=/2|a;|™+«^|| 

i=i 


k=l 


with some constants al’'. Then 


^\\b{k,)...b{kn)\xrnndki-dK, 


<E E 

^=0 {pi,--,Pl}<Z{l,.-,n} 

Hence we conclude (3.24). 


e(p 


\fTix 


2 \ n—l 


J2af\\N'^^^\xr+'’^\\ 


k=l 


We set the right hand side of (3.24) by 77„,m(T), i.e., 

n n—l 




1=0 k=i 


□ 
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Lemma 3.8 Let G V. Then there exist constants df such that 



a{\^i)...a{\in)^\\ndki...dkn 


< 


\\h{\^^)...h{K)nndki...dkn + E 

i=i 



Proof: We have by Lemma 3.6, 


. n 

T \\a{k,)...a{K)nUk,...dkn < 2 -E E 

{pi,-,Pl}C{l,..,n} 



X 


X J \\b(ki)...b(kp^)...b(kp^)...b(kn)\x\^'^\\‘^dki..dkp^..dkp^..dkn. (3.25) 

The term with / = 0 in (3.25) is just^ ||&(ki)...&(k„)\l/||^(i/ci...(i/c„. The lemma follows 
from Lemma 3.7. □ 


Proof of Theorem 1.7 

We prove the theorem by means of an induction. It is known that 




Suppose that 

fjg e 

Then by Lemma 3.2, 

^ \\aiki)...a{ki)fjg\\‘^dki...dkn < oo, / = 1,2, ...,n - 1, 
and by Lemma 2.12, 

\\N‘'>ri’,\\n < oo 

follows for all m > 0 and I <n — 1. By Lemma 3.8 

^ \\aiki)...aikn)'ilJg\\lcdki...dkn 

/ n \ 

^ \\bik^)...b{K)fjgf^dk^...dk^ + E dlfUn-Um . 


< 2 

By (3.27) we see that 


i=i 


Tln-iA^) < 


(3.26) 

(3.27) 


30 



From Lemma 3.4 it follows that 


<5i 


^ \\b{ki)...b(kn)'ipg\\lcdki...dkn 

Yl'^ ||6(ki)...6(kp)...6(k„)(|a;| + l)'4)g\\l^dki..dkp..dkr> 


p=l 

n « ^ ^ ^ 

+*^2 Y YY \\b{ki)...b{kg)...b{kp)...b{kn)\x\^ipg\\‘^dki..dkg..dkp..dkn, (3.28) 

p=l q<p'' 

where Si = f Si(k)^dk and S2 = f S2(k, k'Ydkdk' . Then the right hand side of (3.28) is 
hnite by Lemma 3.7. Hence 

^ ||a(ki)...a(k„)^/>p||^ciA;i...(iA;„ < cx) 

follows, which implies, together with (3.26), that 

ijg G D(iV"/2) 


by Lemma 3.2. Thus the theorem follows. □ 

Proof of Theorem 1.9 

This follows from Theorem 1.7 and Lemma 2.11. □ 


4 Appendix 

4.1 Appendix A 

Lemma 4.1 Let T G Then there exists Al(4/) C with the Lebesgue 

measure zero sueh that 

T G D{a{ki)...a{K)) (4.1) 

for (/ci,..., kn) ^ Al('L). Moreover assume that C C satisfies that ^ d' and 

{Hi + {Hi + l)”/^4/ strongly as m ^ 00 . Then there exists a subsequenee 

{m'} C {m} and A1(T, {4/^}, {m'}) C with the Lebesgue measure zero such that 
(f.l) follows and 

lim a(ki)...a(k„)T„/ = a(ki)...a(k„)4/ 

m'—>00 

for (/ci,..., kn) ^ M{'^, {'hm}, {m'}). 
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Proof: We fix a sequence {fE'm}- The lemma is proven inductively. Note that 

||(//f + irvl/||<||(iff + l)^d/|| (4.2) 

for p < q. By (2.1) we see that 

^ \Mh)\\\aik,)^m\\ndh < eifMHf + (4.3) 

for arbitrary /i G (^“(K^ \ {0}). The right hand side of (4.3) converges as m ^ oo 
by (4.2). Then the left hand side of (4.3) is a Cauchy sequence. Then there exist 
Ni('l/) C with the Lebesgue measure zero and a subsequence {mi} C {m} such 
that a(ki)'hmi converges strongly as mi —cx) for ki ^ Ni(\['). Since a(ki) is closed, 
it follows that for ki ^ Ni(4/), T G Zl(a(ki)) and 

s — lim a(ki)Tm, = a(ki)4/. 

For Tmi we have by (2.1) 

^ \fi{ki)f2{k2)\\\a(ki)a(k2)'^rni\\Hdkidk2 < e(/i, /2)||(Trf + l)4/mi||-H 

for arbitrary /i,/2 G C“(R^ \ {0}). Then we also see that there exist N 2 (T) C 
X R^ with the Lebesgue measure zero and a subsequence {m2} C {mi} such that 
a(ki)a(k 2 )Tm 2 converges strongly as m 2 —00 for {ki, k 2 ) ^ N 2 (T). Since a(k 2 )'Fm 2 —^ 
a(k2)4/ strongly as m 2 —00 for /c 2 ^ Ni(4/) and a(ki) is closed, we see that for 
{ki, k2) ^ N2(T) U [r 3 X Ni(T)], a(k 2 )T G /l(a(ki)) and 

s —^lim^a(ki)a(k 2 )Tm 2 = a(ki)a(k2)4/. 

Repeating this procedure we see that there exist subsets Nj('l/) C R^-^, j = l,...,n, 
with the Lebesgue measure zero and subsequences {m„} C {m„_i} C ... C {m} 
such that for {ki,...,kn) ^ N„(\h), a(ki)...a(k„)'l/m„ converges strongly as m„ —00 
and a(k 2 )... a(k„)\h,„„ ^ a(k 2 )... a(k„)T strongly as m„ ^ cx) for {k 2 ,...,kn) ^ 
N„_i(T) U [r3 X N,^_ 2 (T)] U ... U [r3("-2) X Ni(T)]. Let 

M(T, {T^}, {m'}) = N„(T) U [r" x N,,_i(T)] U ... U x Ni(T)]. 

Since a(ki) is closed, we see that for {ki ,..., kn) ^ Alp(4/, {T^}, {m'}), 

a(k 2 )... a(k„)T G D{a(ki)) 
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and 


s- lim a(ki)...a(k„)'I'm„ = a(ki)...a(k„)']/. 

TTlfi —^OO 

Thus the proof is complete. □ 

We define ad^(i?) by ad° (5) = B and ad^(i?) = [A, ad^^(i?)]. Note that on 

[Hf,a{k,)...a{K)] = E Q ad^^(a(ki)...a(k„))i7r\ 

l l-pi Pi 


ad^j(a(ki)...a(k„)) = E E ••• E 

Pl= 0 p 2 = 0 Pn =0 



Py \ / 

xadf^ (a(ki))adf^ (a(k 2 ))... ad^ (a(k„)), 


M (1-pA 

"V Pn 


and 


Hence we have 

K,a(k,)...a(Ml=i:fb E E ■■■ E 


ad^j(a(k)) = (-l)^c<;(A;)^a(k). 

1 ^r^n —1 

/„\ I ^“Pl Pi 


l\ l-pp 
Pi \ P2 J 


1 = 1 \ / pl=0p2 = 0 pn=0 

x(-l)'a;(/ci)^ia;(/c2E-..ct;(/i;n)^"a(ki)...a(k„). 


V Vn 


(4.4) 


Lemma 4.2 Let 4/ G C“(i^f). Then there exists Wloo(^) C with the Lehesgue 
measure zero such that for (fci,..., kn) ^ Afoo(4/), 


4/ G T)(a(ki)...a(k„)) 


and 

a(ki)...a(k„)T G 

Proof: Let {Tm} C C be such that 4/^ —> d' and (iLf + ^ strongly 

as m —> cx) for g = (n/2) + p. In particular {H{ + ^ (Hi + strongly 

as m —cx). By Lemma 4.1, there exists a subsequence {m'} C {m} such that for 

{ki, ..., kn) ^ W1('L, {T^}, {m'}), 

T G D(a(ki)...a(k„)) 

and 

lim a(ki)...a(k„)Tm' = a(ki)...a(k„)T. (4.5) 

m' —>.rvs 
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We reset m' as m. By (4.4), for fj E C“(M^ \ {0}), j = 1, 


. n 


^ n 

Sim fAkMa('^i)-'^(K)H!'l„,\\ndk 

J = 1 


P / \ I l-Pl ^ Z]i=l Pi 

+EnEE-- E 

1 = 1 \ / pi= 0 p 2=0 Pn = 0 



'I-Pi] (l-T:=|p^] 
^ P2 ) '" \ Pn ) 


^ n 

3=1 




7 V^^~l 

P /a^\ ^ Pi 

+EnEE-- E 

i = l \ / pi= 0 p 2=0 Pn =0 



/-pA A-ELApA 

^ P2 y ■ ■ ■ V Pn ) 


xeiooP^fi, ...,u;P-fnmHi + 


(4.6) 


with some constant C. The right hand side of (4.6) converges strongly as m ^ oo. 
Since fj E C“(]R^ \ {0}), j = 1, ...,n, are arbitrary, there exist Np(T) C with the 
Lebesgue measure zero and a subsequence {m'} C {m} such that iPfa(ki)...a(k„)4/m' 
strongly converges as m' ^ oo for {ki, ..., kn) ^ Np(\h). Since Hf is closed, we obtain 
by (4.5) that 

a(ki)...a(k„)T G D{Hf) 


for (/ci,..., kn) ^klp = Np(4/) U-AT(4/, {4/^}, {m'}). Dehne 


Wloo(^)=U^p- 

p 

Then it follows that a(ki)...a(k„)4/ E C°°{Hi) for (/ci,..., kn) ^ Afoo- n 

Proof of Lemma 2.f 

Let {4/m} C C be such that T and ((iPf + 1)^P + |a;p^)4/m ^ {{Hi + 1)'^P + 

| 3 ;pp) 4 > strongly asm ^ oo. From Lemma 4.2 it follows that for (/ci,..., kn) ^ Afoo(4/), 


a(ki)...a(k„)T e C^{Hi) 
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and from Lemma 4.1 


s - lim a(ki)...a(k„)4'm' = a(ki)...a(k„)4' (4.7) 

m'^oo 

with some subsequence {m'} for {ki, ..., kn) ^ A1('L, {d'm}, {m'}). We reset m' as m. 
Let fj G \ {0}), j = 1,..., n. Since [|a;|^, a(ki)...a(k„)]\l/m = 0, we have 

< 6(/i, ..., fnfW Ixl^^nnWiHi + 1 )^^\\h < e(/l, fnf\m, + 1) + \x\^n^m\\lc. 

Since the right hand side converges as m —cx), there exist Np(\I/)' C with the 
Lebesgue measure zero and a subsequence {m'} such that |a;|^’a(ki)...a(k„)\E'm' strongly 
converge as m' —> cx) for (fci,..., kn) G Np(4/)'. Since \x\^ is closed and by (4.7), 

a(ki)...a(k„)\[' G i7(|a;|^) 

follows for (/ci,...,/cn) ^ flp = Np(\h)'U-^(^, {?Ti'}). Then for (/ci,..., A;„) ^ 

Upflp, 

a(ki)...a(k„)^ G C'“(|a;|). 

Let 

{T^}, {m'}) = Afoc(^) U[Up^^p]- 

Then the lemma follows. □ 

Proof of Lemma 2.6 

Applying (2.5) instead of (2.1), we can show the lemma in the similar way as 
Lemmas 4.1, 4.2 and 2.4. □ 

4.2 Appendix B 

In this section we prove Lemma 2.11. In [14] we proved that maps into 

itself for the case when V = 0. We extend this result for some nonzero potential V. 
We see that if ipg G D{N^^^) then the identity 

(4.8) 

is well dehned. Using (4.8) we shall prove that \\N’^/^'ipg{x)\\jr decays exponentially. To 
see it we prepare some probabilistic notations. 
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It is known that there exist a probability space and Gaussian random vari¬ 
ables {4>{f),f G such that 

/ 0(/)0(£/)h(#) = ^ II [ ff^ik)g^{k)dk. 

For a general / G we set 0(/) = 0(3?/) +i0(Q'/). It is also known that there 

exists a unitary operator implementing 1 = G, L^{Q) = T and ~ x)) — 

An{x), where A is the inverse Fourier transform of 


The free Hamiltonian in L^{Q) corresponding to in JF is denoted by Hf. To have 
a functional integral representation of we go through another probability space 
(Qo, and Gaussian random variables (0o(/); / ^ ©^-^reai(®^)) ^^^at 



Mf)M9)Md4>o) 



kfj,ky \ 

w) 


f^{k, ko)gu{k, ko)dkdko. 


Here 0o(/) is also extended to / G ©^©^(R^) such as 0(/). Let jt : 
be the isometry dehned by 

jtf{k,ko) = ^—^^uj{k)/{uj{ky+ \ko\^)f{k) 


and Jt : L‘^{Q) L^{Qo) by 


Jt :0(/i)---0(/n):—:0o([©^jt]/i)---0o([©^ji]/n):, 


Jtl = 1 . 

Here :X: denotes the Wick power of X inductively dehned by 

:/*(/):= 0*(/), 

n 

i=i 

where Q* = Q, Qo and 0* = 0, 0o- Then Jt can be extended to an isometry and 

j; J, = follows for t, s G R. We identify H = L‘^{R^) © with 

Under this identihcation T G 7? can be regarded as L^((5)-valued L^-function on R^, 
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i.e., ^(x) G L‘^{Q) for almost every x G In [14, Lemma 4.9] and [12] we established 
that 

(x) = 

for almost every x G Here (Xt)t>o = X 2 ,t, X 3 ^t)i>o G C([0, cx)); R^) denotes an 

R^-valued continuous path, E^ an L^((5)-valued expectation value with respect to the 
wiener measure on C([0, cx));R^) with Px{Xq = x) = 1, and 

Jt = Jt{x,X.) : L\Q)^L\Q) 


is given by 

Jt, 

where K{x,X.) is a ©^L^(R^)-valued stochastic integral dehned by 

K = K{x,X.) = ©^=1,2,3 r JsA(- - Xs)dX^,s. 

Jo 

Let N and Nq be the number operators in L‘^{Q) and ©^(Qo), respectively. Note that 


JtN = NoJ, 

on a dense domain. The expectation value with respect to P^ is denoted by E^.. We 
show a fundamental inequality. 

Lemma 4.3 Let ^ = ^{x,X.) = ||iL(a;, X.)||03^,2 (r4). Then, for all m>0, 

E. (y™) < (J‘ IIj.A(. - (4.9) 

In partieular sup3,gR3 E^. < oo. 

Proof: See [14, Theorem 4.6]. □ 

Lemma 4.4 For each {x,X.) G R^ x C([0, cx));R^) and 4/ G 
|||/V‘'^ Ji(i, A'.)|4-|U.ro, < Pi«)||(/V+ 
with some polynomial Pk{-)- 
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Proof: Note that for each {x,X.), Jt = Jt{x,X.) maps into itself. We have 

= I (^]V„ - e,#.i(A-) + f- N'h Ji'i 

= I (^Af„ - e,j,'„(K) + ^«) j 

where (f>Q{K) = i[iVo, (poi^K)]. We see that 

Note that 

||0oW^||<v^ell(iVo + l)'/'^||. 

Then it is obtained that 

( 2 \ ^ 

N„ - e4>',(K) + Jf'j J.'I'lli.w) < Rtmm + 

with some polynomial Rk{-)- Then 

lllA"='t < fliK)ll(A'+ + l|A'‘''>IU=(0) 

< (ft«) + i)||(Af+iy"'l<|U.,e|. 

Thus the proof is complete. □ 

Proposition 4.5 Let 1 < p < oo and a > 0. Then there exists a eonstant Cp = Cp(a) 
sueh that 

sup < Cp||/||lp(r3). (4.10) 

Proof: See [23, Theorem B.1.1]. □ 

Lemma 4.6 PTe see that maps D{N^R) into itself. 
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Proof: Let $, 'L G We have 

Then 

(JV‘''2<l.,e-'"®)„ = J ET(s(x),J,iV‘''2*(A',))^,|^|e-t’''-*->'*}(ix 
+ J E,{(<l>(x),[iV*-'=,J,]>P(A',))^,^^|e-/.'''™‘"}<ia:. 

Hence we have by Lemma 4.4 

l(iV'=/">I>,e-"'I')«| < /e, (e-t''<"'-''"||<l>(i)||i^,0,||iV‘’'2*(A',)|U.(o|) dx (4.11) 

+ /e. (Pt(Oe-/«''<*-'‘“||4(i)|U.roil|(/V + l)'=/2'I-(A',)||y,o,) dx. (4.12) 

The hrst term (4.11) is estimated as 

(4.11) = (l|t(')IU.(«,,e-"»||A‘''2>I>(.)|U,,g,)^,^_^,^ < e-“»||4||„||A'=''">I>||„, 
where = inf(T(iLp). The second term (4.12) is estimated as 


(4.12) < J ||<l>(l)|U.,g|X 

X (E,Pt(?)"e-2/«''<*-l'")''"(E,||(A + l)*P>I>(A,)|li.,g|)‘''Li 

< / l|4'(i^)IU>«) (e.P»(0-‘)‘''‘ X 

X (E.e-/.' ’■<-^-l-") (e,|| (A + l)*P«(A,)||i,,g|) dx. 

By Lemma 4.3 we have 

9 = sup < oo, 

and by (4.10), 

r] = sup f]Ea,e“^-^o ^ qq_ 

xSR® \ / 


Then we have 


(4.12) <9g j ||4>(x)|U,,o| (E.II(iV + l)‘’''^*(A',)||i,,g,)“'''& 
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< «>) (/ (/ ^m+ifi^nx,)\\mQ)dx)''' 

= «r,||4||„||(/V + l)‘/>||„. 

Thus we conclude that 

This implies that G D{N^/'^). 


□ 


Lemma 4.7 Assume that ipg G D{N^^‘^). Then sup^jg^s ||iV^/V<;(a:)|U2(Q) < CX). 


Proof: By Lemma 4.6 the identity = e*^e N^^'^ipg + e is well 

defined, and we obtained that 


+e*X (^e-/o'^(^^)'^^P,(0||(iV+ l)^/2^,(X0i|L2(Q) 
By (4.10) it is obtained that 


sup (4.13) < CX). 


(4.14) is estimated as 


(4.14) < (E,Pfc(0')'^' (E,e-2/o'"(^^)^*||(iV + 1)'=/V<;(^t)lli 


L^Q) 


1/2 


By (4.10) we yield that 


sup E, + l)'=''V'j(lf<)llt 




L2(q) I < CX, 


and by Lemma 4.3, sup^jg^a E^, (Pfc(O^) < oo- Hence 

sup (4.14) < CX. 

Thus the lemma follows from (4.15) and (4.16). 


for almost every x G K^. We see that by Lemma 4.4 

\\N'‘'H’,{x)\\m.Q) < e‘®E, (4.13) 

(4.14) 

(4.15) 


(4.16) 


□ 
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Proof of Lemma 2.11 

It is enough to prove the lemma for sufficiently large |a;| by Lemma 4.7. Set 9 = 
II (A^ + i^)\\L‘^{Q) < oo- We have by (4.13) and (4.14) for almost every 

a; e 

WN^/H’^ixnLHQ) < E. (e-t''**-'"*!! + P,M))) e“^f) 

< {e, ((1 + (^E„e-2/o 

By (4.9) we have 

E,((i + Pfc(0)') <Qfc(t), 

where Qk is some polynomial of the same degree as P^. Then we have 

Here t is arbitrary. Take t = t{x) = Then by [7] we see that there exist positive 

constants D and <5 such that for sufficiently large |a;|, 

In the case of m > 1 it is trivial that Qk{t{x)) < 6' with some constant 6' independent 
of X. Hence 

||7V^/2^,(a;)|U2(Q)<00'Pe-'l"l™^^ 

follows for sufficiently large |a;|. Thus the lemma follows for m > 1. In the case of 
m = 0, we see that ||iV^/^'^g(a;)||L 2 (Q) < 6*(5fc(|a;|)Pe“'^l^l, and hence 

||7V^/Va(a^)IU2(Q) < 

follows for S' < S with some constant D' for sufficiently large |a;|. The lemma is 
complete. □ 
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